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NOTES AND QUEKIES. 

:Mr. CiunLES Gabriel Shaw, an Associate of the Institute, sends the 
following ingenious method of obtaining formulae for the present value and 
for the amount of an annuity for n years, commencing at a and increasing 
by c yearly, analogous to those given by Mr. E. H. Galsworthy in the last 
Number of the Alagadne. 

Let r equal the yearly interest of £1, and let v^ , and A„^ 

r 
The present value of the annuity will be, a« + (a+c)!;2+(a+2c)»8 
+ ,&c. +(a+«— lc>". 

When «=: 00 , or is infinite, and the annuity^bccomes a perpetuity, this 

will be — I- c { t!^ + 2»^ + Zv* + , &c., ad infinitum ] . 
r 

Calling the series within the brackets S, then (l + r)S= («+2t)^ + 3f^ 
+ 4d''+, &c.}, and rB={v + iP-\-v^-\-v^+, &c.}=-, and 8=-^; then 

a c 
the perpetuity equals - + -5 • 

When » is finite, the value of all the terms of the perpetuity after the 
«th must be subtracted from the above. At the beginning of the n+lst 
year, the next payment due being {a-\-nc), and the future increase still c 
per annum, the value of the perpetuity will be, by the above formula, 

h -; > which must be multiplied by v" to bring it to the present 

r r'- 

value of all that part of the perpetuity which is payable after the expiry of 

n years. Effecting this subtraction, we find the value as required of the 

first n payments, 



/A„ — nif 



^■:t,-\ — r- + 3 F"= —^ P+ 



V 



r 









As to the amount of the annuity, it must of course be the same as that 

of the present value accumulated for n yeai-s ; and if we multiply that 

n+rY—1 
value by (1 + ?•)", and make M„= , we have for this amount 

/M„-m\ 
M„a+ — ^^ c. 



The following is the problem referred to at page 134, Vol. IV., as 
sent by Mr. James Meikle, of the Scottish Provident Institution: — 

To determine the rate of interest in a life annuity, the table of mor- 
tality and aye being given. 
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It is evident that any series which represents the value of v will con- 
verge very slowly; but by making v^l — d, we get 

A.=,<l-rf)' + 2a(l-c?)2-|-3a(l-c?)3+ .... +„a{l-(lT 

= ,a + 2« + 3«+ • • • • +n« 

—c?{ja-f- 220+333+ .... +w„a} 

f n.n — 1 1 
+ (P 2« + 33ffl+640+ H j— 2~"" f 

,, f , ,„ n.n—l.n—2 ) 
—d^Ua+4ia+105a+ p^ „«| 

+ , &c. 
But 



,a + 20+3a+ +4a 






,0+220 + 330+ +w„o = — i 1 



20+330+64O+ — 
&c. 



n.n — 1. 
1.2 ' 
&c. 



SS, 



+1 



D, 



where Dj,=No. living at age x 
N^=:Suin of living at x 

and upwards 
Sj, =Sum of Aj 
SSj,+i=Sum of S^+i, &c. 



Now the coefficients of d are constant for any value of d, and indepen- 
dent of it. 



Letg-A=«; j^=b; ^ 



D, 



scries may assume the form of a—bd+cd^ — dd^ + ed*—/d\ &c.=o; or, 
putting d^y, for the sake of distinction, a — b^z+cy"^ — dy^ -\- ei/* —/i/^ + , 
&c.^o; from which the value of y may be found by Lagrange's theorem. 

y=z+xf(y)\- ■ ^-fi-)+ r^i'^'^^-dT + 1:2& F^'>i -^1 



/(.) = Z=; 



+ 



7^ cP( 



1.2.3 rfz2 



\<t'{^)\ 



dz 



■+, &c. 



, , cz2 — dz^-\-ez^—, &c. „ 
(2) = V , &c. 



a cz^ 2(^-bd „ h(?—hcdb+eb'^ , bceb'^-m-'2\(?db + Uc^ + Zd%'^ 

^= J + T + —2-^'+ ¥ == + ¥ ^ = 

<75''-7c/i3_7^eJ3 + 28c2gJ2^.28crf2j2_84c3^5^42c.^ 

-I : _ 2''+,&C. 



i* 



, a ea^ 2c—bd„ 6c«-ocdb+eb^ , Gceb^-fb3-2Wdb-\-Uc* + 3d'^b^ 
'^= J + ¥ + -W-"^ Ui " + 69 «•' 

ffM—7cfb^-7deb^+28c^eb^ + 28cd^b^-84:C»db + i2cr'' , 
^ af'^, &c. 
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This series converges rapidly, as will be seen from the following 
example: — 

Find the rate of interest in the sum of £4-18289, which is the value of 
a life annuity on age 80, by Carlisle Table of Mortality. 

^ = -0340012 



^ = -00388575 

&c. = -00049785 

&c. = -000065931 

&c. = -0000088845 

&c. = -0000012315 



d = -0384608470 

nearly = 0384615 1-d =v= -961548 = — ^ 
^ 1 + r 

1-v d -0384615 
.-. r= = - = = -04 

V V -9615385 

.-. Rate of interest=:4 per cent. 



Mr. Meikle also furnishes the following: — 

Assurances are effected either by premiums payable for the whole of 
life or for a term of years. A person opens a policy on the whole life scale, 
and, after a few years, proposes to change to the other scale. What sum 
ought he to pay, to compensate for the previous deficiencies? and of what 
is it composed? 

Let the case be illustrated by an example: — Entrant of 30, paying 
17-5541 (Carlisle 4 per cent, pure), at age 35 proposes to change to the 
21 years' scale, the premium on which would have been 23-6069. 

17-5541(1 + g3,) „^ ,., . .,„..,i 

— — — j jg=Future life premmms of 17-5541 con- 

i6l«35+l— leaw verted into a term of 16 years . .£26-7535 
But he only intends paying 23-6069 

and therefore must redeem this 3-1466 

which will be the sum required, 3-1466(i6,'73r,+ l— i6a!«''^)=35-184. 

Or, analytically — Let [-j^life premium; [21]^21 years' premium. 
Then sum required=S=[-](l + 035)— [21](r6|a35 + l — icasst''")- 
Ssa3o«'^=[-](l+«35)5a3o«^— [21](55|a35+l— i6a35f'«)5a3or' 
:[•](! + O30)— [■](-5|a30+ l-5O30''')-[21] 211030+ 1 -2i«3o«'^' + [21](-gia3o4- l-6O30«''^) 

S= ([21]-[-])Tl«30+l-5g30»'^ 

sOso"'* 

=([211 r-l") f ''°3""°+'°W^' + ^°30»'^ + 3«30<'H4a30t'M 

I 5030*'^ > 
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Proving that each yearly deficiency is increased by the chance of death 
during nonpayment, besides tlie ordinary interest. 



Demonstration of the expressions : the Amount, and 

1 — (1 +«■)""" 

^-: — - — the Present Value, of £1 per Annum for n Years. — Since 

(1 +j)" — 1 evidently represents the amount of an annuity of i pounds in n 
years, the first formula above given is clearly that for the amount of £1 

per annum for the same terra. For as i : (1 + ?)" — 1 : : 1 : ^^ ; 

in like manner, ^^— : — - — is the present value of £1 per annum for 

/, -sn -, (l+O"-! (l+0"-l l-(H-«")-" 
n years. For as (! + «)" : 1 : : ^— I— f : .ZJ -n. = . . 

—Ed. a. M. 



FOREIGN INTELLIGENCE. 

Germany. — Neio Insurance Companies in Germany. — The General 
Railway Insurance Company in Berlin (Allgemeine Eisenbahn Versiche- 
rtmgs Gesellschaft), registered by Order of Council of His Majesty the 
King of Prussia, of the 26th September, 1853, with a subscribed capital 
of Prussian thalers 1,000,000 (£166,000 sterling), in 1,000 shares, 
of which 20 per cent, is paid up, insures, according to the deed of con- 
stitution — 

Class 1. To railway managers, for any loss and damage on moveable 
and immovable property, or on articles and goods of all kinds to be for- 
warded by trains or to be kept at the stations. 

Class 2. To passengers and railway oflicers, for any personal injury or 
loss of life, and for loss on luggage. 

The prospectus issued treats only of this second class, and I extract the 
following particulars. 

Insurance on persons is granted to railway passengers, either for single 
days, for one, three, and six months, for one or five years, or for the dura- 
tion of life, along all the railways of Europe; to railway officers, only for 
the period of one year, at the premium of 1 per cent. 

The maximum to be insured by a passenger is Pr. th. 7,000 (£1,150); 
by an officer, Pr. th. 1,000 (£160). 

Claims are settled according to the following rates — 

1 00 per cent, in case the accident causes death immediately, or within 30 days. 
Up to ^ „ do. do. incapacity to work for 8 days. 

„ 6| „ do. do. „ for a longer time. 

„ Xi\ „ do. do. loss of limb, or lasting serious damage 

to health. 

„ 66| „ do. do. total incapacity to work. 



